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Abstract
In our investigation of breakdown waves, we use a
one-dimensional, steady-state, constant velocity fluid
model. This investigation involves breakdown waves
for which the electric field force on electrons is in the
opposite direction of wave propagation. The waves are
considered to be shock fronted and the electron gas
partial pressure is large enough to sustain the wave
propagation. Our basic set of electron fluid-dynamical
equations is composed of the equations for
conservation of mass, momentum and energy, coupled
with Poisson’s equation. This investigation involves
breakdown waves for which a large current exists
behind the shock front. The current behind the shock
front alters the set of electron fluid-dynamical
equations as well as the boundary conditions at the
shock front. For the range of reported experimental
current values (Wang et al. 1999), we have been able
to solve the electron fluid dynamical equations within
the dynamical transition region of the wave. Wave
profile for electric field and electron velocity, number
density and temperature within the dynamical
transition region of the wave will be presented.
Introduction
In the case of breakdown waves in a long
discharge tube, near the electrode where the potential
gradient in the gas is greatest, a small quantity of gas is
ionized. Analysis of the spectrum of radiation emitted
from electric breakdown of a gas reveals no Doppler
shift, indicating that the ions have negligible motion.
The large difference in mobilities of positive ions and
electrons causes establishment of a space charge and
consequently a space charge field. The electric field
accelerates the free electrons until they acquire enough
energy for collisional ionization of the gas. Since the
ionized gas is a conductor and it cannot hold internal
electric filed, the electric field which has its maximum
value at the interface between the ionized gas and the
neutral gas has to reduce to a negligible value at the
trailing edge of the wave. The wave propagates with a

speed close to the speed of light, with a wave front
discontinuity, which obeys a Rankin-Hugoniot type
condition on the electron fluid.
We are considering waves for which the direction
of the electric field is such that the net electric field
force on electrons causes an electron mobility motion
opposite to the direction of wave advance. Such waves
are referred to as antiforce waves. In the case of
antiforce waves (lightning return stroke), the electron
temperature, and therefore the electron gas pressure is
large enough to counter this force and provide the net
force responsible for the wave propagation. A model
of return stroke in lightning, for example, might consist
of a wave for which a large current exists behind the
wave front.
Following the shock front is a thin region in which
the electric field and electron velocity are changing
rapidly, while the changes in electron temperature and
electron number density are not so rapid. This region
is referred to as the sheath region. In the sheath region,
the electric field starting with its maximum value at the
shock front reduces to a negligible value at the end of
the sheath and the electrons slow down to speeds
comparable to those of heavy particles and ions. The
sheath region of the wave is followed by a relatively
thicker region in which the electric field and electron
velocity are zero, while the electron temperature and
number density are changing. This region is referred to
as the quasi-neutral region. In the quasi-neutral region,
the electron gas cools down by further ionization of the
heavy particles.
Model
In our fluid model, in laboratory frame where the
heavy particles are considered to be at rest, a plane
wave is propagating in the positive x direction with
speed V0 . Therefore, in a frame where the wave front
is stationary at x  0 , the wave extends from
x  0 to x   , and the plane x  0 divides the
neutral gas in front of the wave from the three
component gas composed of electrons, ions and neutral
particles behind the wave front.
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Because of unknowns in experimental studies, it is
difficult to directly compare experimental results with
computational results from our fluid-model
application. However, our results agree with many
other theoretical studies and experimental results.
For theoretical investigation of breakdown wave,
we will use the equations that were developed by
Fowler et al. (1984) and represent a one-dimensional,
steady-state, constant velocity electron fluid-dynamical
wave propagating into a neutral medium. This set of
electron fluid-dynamical equations consists of the
equations of conservation of mass, momentum, and
energy coupled with Poisson’s equation:
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where n, v, Te , e and m represent the electron number
density, velocity, temperature, charge, and mass,
respectively, and
M , E, E0 ,V , k, K, x,  , and 
represent the neutral particle mass, electric field within
the sheath region, electric field at the wave front, wave
velocity, Boltzmann’s constant, elastic collision
frequency, position within the sheath region, ionization
frequency and ionization potential of the gas.
To reduce the set of electron fluid dynamical
equations to a non-dimensional form, Fowler et al.
(1984) introduced the following dimensionless
variables:
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in which  , , ,  ,  , and ξ represent the
dimensionless net electric field of the applied field plus
the space charge field, electron number density,
electron velocity, electron gas temperature, ionization
rate, and position within the sheath region, while  and
 represent wave parameters. These dimensionless
variables are then substituted into equations 1, 2, 3 and
4, yielding
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In solving the antiforce case problem, in which all
quantities including  are positive and  is positive
backward, we will use the set of non-dimensional
variables introduced by Hemmati (1999).
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For current bearing antiforce waves, we will also
use Hemmati et al.’s (2011) modified set of electron
fluid dynamical equations. In non-dimensional form,
their electron fluid dynamical equations are
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Where,  , is the dimensionless current and is related to
the current behind the wave front, I 1 , by the equation

  I 1 /  0 KE 0 .

Earlier theoretical investigations of breakdown
waves considered the ionization rate within the sheath
region of the wave to be constant, or to be a function of
temperature only. However, in 1983, Fowler (1983)
showed that the assumption of a constant ionization
rate was incorrect and therefore replaced it by a
computation that was based on free trajectory theory.
Fowler’s (1983) computation included ionization from
both random and directed electron motions within the
sheath region of the wave. For ionization in a strong
electric field with independent electron drift velocity,
Fowler (1983) derived an equation for ionization rate,
and in non-dimensional form it is given by the
following function

  o
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where B  (1  ) / 2 and C   2 / . This
function, which changes from accelerational ionization
at the front of the wave to directed velocity ionization
in the intermediate stages of the wave, to thermal
ionization at the end of the wave, in the case of
breakdown waves moving with a slow speed, does
remain considerably constant at the beginning of the
sheath; however, as one traverses through the sheath,
the ionization rate changes.
Results and Discussion
Performing a statistical study on the initial stage of
negative rocket-triggered lightning using 37 channelbase current recordings, Wang et al. (1999) reported
average currents in an individual lightning discharge to
vary from a minimum of 27 A to a maximum of 316 A.
Their upward positive leader is followed by a pulse
with a typical current peak of about 1 kA. In an
approach based on antenna theory to describe the
lightning return stroke, Moini et al. (2000)
approximated the lightning channel by a straight and
vertical monopole antenna above a perfectly
conducting ground. The antenna is fed at its lower end

by a voltage source such that the antenna input current,
which represents the lightning return-stroke current at
the lightning channel base, can be specified. They
compare their model to four commonly used
“engineering” return-stroke models, and find
reasonably good agreement. Using a channel-base
current waveform for comparison of different models,
Moini et al. (2000) reported a peak current of 11 kA.
Comparing five return-stroke models, each allowing
the use of measured channel-base current and returnstroke speed as inputs for the computation of channel
current distribution and remote electric field,
Thottappillil and Uman (1993) report a return stroke
starting from the ground with a speed of 3.5x107 m/s
and increasing exponentially to the measured return
stroke speed of 1.2x108 m/s within a distance of 55 m.
In the same study, the current waveforms of return
strokes have a slowly rising ramp at the beginning,
with a maximum current value of approximately 5 kA
at the end of the ramp. However, they report current
peak values ranging from 8 kA to 25 kA.
Determining the ratio of the elastic collision
frequency, K (McDaniel 1964), to the electron gas
pressure, P , gives K / P  3 x10 8 for helium and
K / P  4.8 x10 7 for nitrogen at 273 K . At a
temperature of 10 5 , K will be 2.4 x10 9 for helium and
9x10 9 for nitrogen and applied fields are usually of
order 10 5 V / m . Considering that E 0 , K ,  in our
formulas are scaled with P (the electron gas pressure)
and using the values of I 1 ,  0 , E 0 , K one can estimate
the value of  , which is of order one.
A trial-and-error method was utilized to integrate
equations 9 through 12. For a given wave speed, α, a
set of values for wave constant, κ, electron velocity,

 1,

and electron number density,

 , at
1

the wave

front were chosen. The values of κ,  1 and  1 were
repeatedly changed in integrating equations 9 through
12 until the process lead to a conclusion in agreement
with the expected conditions at the end of the
dynamical transition region of the wave


 d 
 d 
2  0, _  2  1, _ 
  0, _ 
  0  . [14]
 d  2
 d  2



For  = 0.01, 0.05 and 0.1 and   0.7 , we have
been able to integrate the set of electron fluid
dynamical equations (equations 9-12), through the
sheath region of the wave. Our solutions meet the
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conditions described by equation 14 at the trailing edge
of the wave.  = 0.01, 0.05 and 0.1 represent wave
speeds
of
3 x10 7 m / s ,
1.33 x10 7 m / s and
0.937 x10 7 m / s , respectively, and conform with the
lower experimental speed range for the return-stroke of
lightning.
The successful solutions required the
following boundary values

  0.01,   1.3, 1  0.6564, 1  0.88
  0.05,   0.6, 1  0.826, 1  0.9289
  0.1,   0.44, 1  0.678, 1  0.8889

Figure 1 shows that for all three speed values, the
solutions meet the expected conditions at the end of the
sheath region. Figure 2 is a graph of the dimensionless
electric field,  , as a function of dimensionless
position,  , within the sheath region of the wave. The
graph shows that as  increases (wave speed
decreases), the sheath thickness increases as well. As
sheath thickness increases, integration of the set of
equations become more difficult and time consuming.

Figure 1 shows a graph of the dimensionless
electric field,  , as a function of electron velocity,  ,
within the sheath region of the wave. The
dimensionless electron velocity at the shock front is a
number between 0 and 1; therefore, as one can see
from the Poisson’s equation (equation 12), the electric
field initially should increase until the dimensionless
electron velocity becomes larger than 1. As one
traverses through the sheath region, the electric field
decreases to a negligible value, while the electrons
slow down to speeds comparable to those of heavy
particles at the end of the sheath region
( 2  0, 2  1 ).

The wave with  = 0.01 has a relatively smaller
sheath thickness, and the dimensionless sheath
thickness value of   0.5 , represents an actual sheath
thickness of 2.5 cm. Studying the structure of the
antiforce electron fluid dynamical plane waves,
Sanmman and Fowler (1975) report that the field
attains its maximum value fairly quickly at 0.041 m
behind the wave front, and then, it gradually decreases
over a large distance. However, in their study of
electron density measurments behind strong shock
waves, Fujita et al. (2003) report an average wave
thickness of 5 cm. Our sheath thicness values compare
well with those reported by Sanmann and Fujita.
Figure 3 depicts the dimensionless electron
velocity,  , as a function of dimensionless position,
 , within the sheath region. For all three wave speeds,
the dimensionless electron velocity initially increases;
however, after reaching its peak value inside the
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